We review here the main advances made by using effective field theories (EFTs) in classical gravity, with notable focus on those unique to the EFTs of post-Newtonian (PN) gravity. We then proceed to overview the various prospects of using field theory to study the real-world gravitational wave (GW) data, as well as to ameliorate our fundamental understanding of gravity at all scales, by going from the EFTs of PN gravity to modern advances in scattering amplitudes, including computational techniques and intriguing duality relations between gauge and gravity theories.
Introduction
In recent years there has been a growing recognition in the all-encompassing relevance of the field theoretic framework beyond the quantum realm of particle physics, in which much of it has been conceived. Most notably, for long, in the absence of a viable quantum theory of gravity, the overlap between field theory and classical gravity has been largely deemed nonexistent. In particular, the conceptual framework of effective field theories (EFTs), which is intimately tied with the notion of renormalization, was widely regarded as uniquely ingrained in the domain of quantum field theories (QFTs). In order to dispel the latter fallacy, however, suffice it to acknowledge that 'renormalization' can in fact be taken as synonymous with 'resolution of physical scales'. Once this realization is made, it becomes clear that the framework of EFTs is evidently a universal one, and that it can be applied on any wide range of physical scales. Moreover, the EFT framework is a solid and powerful one, providing an inherent setup strategy and a robust toolbox, geared towards yielding high precision predictions to a desirable accuracy.
Indeed, just over a decade ago, an EFT approach to handle gravitational waves (GWs), emitted from inspiralling compact binaries, which are analytically treated with post-Newtonian (PN) gravity 1 , was put forward by Goldberger et al. [2] [3] [4] . This novel approach has resulted, in turn, further applications of EFTs in classical gravity. Notably, significant progress was demonstrated in the application of EFTs to higher dimensional gravity in the context of large extra dimensions [5] [6] [7] [8] [9] . Further, also in the context of GWs, an investigation of an EFT treatment for the extreme mass ratio inspiral (EMRI) case of compact binaries, was initiated in Ref. 10 . Moreover, within a decade the initial EFT approach to PN gravity has been able -in important sectors of the theory -to catch up and go beyond the spectacular state of the art 11 , already accomplished within the traditional framework of General Relativity (GR).
In what follows we highlight the main meaningful unique advances made in the EFT approach to PN gravity, yet more importantly, we point to the main prospects on a broader scope of using field theory to study gravity, stretching from delivering highly demanding accurate predictions for real-world GW data, to confronting our fundamental grasp of QFTs and gravity theories at all scales.
From Gravitational Waves To Gravity At All Scales
Significant progress was made via the EFT approach to PN gravity, which is concerned with the analytical prediction of the inspiral portion of the GW signal. While this progress is evident and encouraging, it crucially serves to illustrate the great potential, still awaiting, in the use of field theory to study gravity, with many implications at various levels. First, there are clear anticipated developments still within the EFTs of PN gravity and the theoretical modeling of the GW signal. Further, even if still only in the context of GWs, modern advances in scattering amplitudes hold the promise to possibly enable an analytical treatment of the GW signal in its entirety, that is also in the strong field regime, beyond the inspiral phase. This may significantly improve upon the current phenomenological GW modeling, which relies heavily on the effective-one-body (EOB) formulation 12 , by allowing for a smooth analytical model of the whole signal. Yet, more broadly, these advances from scattering amplitudes also importantly allow us to study gauge and gravity theories at a fundamental level, across the classical and quantum regimes.
Let us first review the main unique advancements accomplished within the EFTs of PN gravity so far. The most notable and extensive progress was realized in the treatment of the spinning sector, with several new higher order PN corrections. Next-to-leading order (NLO) effects in the conservative sector were first tackled in Refs. 13 Another remarkable finding in the field was the uncovering of classical renormalization group (RG) flows of the Wilson coefficients, which characterize the effective theories, both at the one-particle level 31 , and at the level of the composite system, for the multipole moments of the binary 4, 32 . These give rise to higher order PN logarithm corrections, which constitute unique predictions of the EFT framework. In addition, the 2PN order correction for a generic n-body problem was considered in Ref. 33 , where automated computations were first advocated. Finally, the 'EFTofPNG' code for high precision Feynman calculations in PN gravity was cre-ated 34 , comprising the first comprehensive code in PN theory made public. The code consists of independent modules for easy adaptation and future development, where some prospects of building on this state of the art PN technology for various research purposes, were outlined in Ref. 35 .
Within the methodology of the EFTs of PN gravity, there are several important directions, where development is required. The first is the solution of higher order PN equations of motion (EOMs) for accurate orbital dynamics. One interesting related way to find such closed form solutions, is the dynamical RG method, suggested in Ref. 36 . Further, the treatment of non-conservative sectors with the EFTs of PN gravity has been rather limited, and so these various sectors should be tackled with a proper EFT formulation, and implementation for new PN results. Another objective to follow is the possible improvement or extension of the EFT formulation for spinning objects. For example, an alternative EFT formulation, which is ideally suited for the treatment of slowly rotating objects, based on a coset construction, was presented in Ref. 37 . Further investigation is required in order to see whether these independent EFT formulations may possibly be integrated, and entail an even better understanding of classical spins in gravity. Next, we note the analysis of the mass-and spin-induced Wilson coefficients, and of the binary multipole coefficients, which also mostly remains to be approached via formal EFT matching. Finally, the continual public development of the 'EFTofPNG' code, or similar open codes, is required in order to keep up to date with the actual progress in PN theory. In that regard, it is important to note that classical theories of gravity, which modify GR in the IR, motivated by the cosmological constant problem and the dark matter puzzle [38] [39] [40] [41] , can be incorporated in a rather straightforward manner into the 'EFTofPNG' code, in order to study their analytical predictions for the GW signal from the compact binary inspiral, see, e.g., Refs. 42, 43, 44.
Advances and prospects for gravity in field theory
Ultimately, we would like to invoke the correspondence -at any level -between gauge and gravity theories, in order to push beyond the state of the art in high precision computation for concrete analytical predictions of the real-world GW signal, as well as to directly ameliorate our fundamental understanding of the foundations of these theories, in particular of gravity. These objectives can be considerably facilitated by turning to modern field theory advances in the domain of scattering amplitudes, see, e.g., Ref. 45 . In fact, the field of EFTs in PN gravity, on which we have focused hitherto, and of scattering amplitudes, which are both directly concerned with baldly tackling demanding high precision computation driven by experiment, share more profound parallels beyond the obvious robust technical tools they entail, see, e.g., in Ref. 46 . Both of these fields push to the exposure of the universal commonalities across classical and quantum field theories, and drive us to confront our fundamental grasp of the underlying foundations of these theories. One crucial difference to note, though, between these fields, is that where in scattering amplitudes the computational outcome is directly related with the physical observables, the objects which are commonly computed in classical gravity are coordinate/gauge dependent quantities.
Let us then note, more specifically, some prospective avenues to deploy this broad correspondence of gauge theories and gravity. First, there is the standard working knowledge, which can be exchanged between the theories, e.g. multi-loop techniques in QFT, such as integration by parts (IBP), and high loop master integrals, along with other Feynman calculus and technology 34, 35, 46 . This was nicely demonstrated, e.g., in Refs. 47, 48 , where an analytic evaluation of a four-loop master integral was provided for the first time from the classical gravity context. Furthermore, modern scattering amplitudes advances, such as the BCFW on-shell recursion relations 49 , and generalized unitarity methods, which imply that tree level data encodes all multiplicity at the integrand level, were put forward to extract classical higher order loop results for gravitational scattering [50] [51] [52] [53] . Such a scattering treatment may also enable to analytically tackle the strong field regime of the GW signal, and hence smoothly model analytically the entire signal, as we noted above.
Yet, of particular interest are the novel intriguing color-kinematics or BCJ duality relations, and the related double copy correspondence 54, 55 , see, e.g., review in Ref. 56 , which were discovered in the context of high loop computations of amplitudes in supersymmetry and supergravity theories. Such relations were already known from string theory to hold at tree level, but formulated in terms of the novel generic double copy correspondence, these relations have been successfully used to study UV divergences of supergravity theories. This recent new perspective on gravity, viewing gravitons as double copies of gluons, suggests that even the simplest gauge theories and GR are in fact frameworks, which are intimately connected. Though this correspondence was uncovered in the perturbative context, it was also found, remarkably, that particular classical exact solutions in GR, are in fact double copies of exact "single copy" counterparts in corresponding gauge theories. Such classical solutions include all vacuum stationary solutions, most notably, Kerr black holes, as well as their higher dimensional generalizations, see Ref. 57 and references therein. Yet, the underlying origin of these perturbative relations, as well as their essential connection to the particular classical exact correspondence revealed, are yet to be uncovered.
In conjunction with the recent novel methods from scattering amplitudes, it is expected that this double copy correspondence can be used to advance the analytical calculations for the theoretical prediction of the GW signal, which may also help to shed more light on the nature and origin of this correspondence. Related with that end, an important time dependent case was studied in terms of the exact double copy of the Kerr-Schild form, of an arbitrarily accelerating point source 57 . In this case the radiation current is double copied to the radiation stress-energy tensor in Fourier space, and both are related to the corresponding scattering amplitudes, which can be obtained from the amputated currents. Hence, the work in Ref. 57 made a first explicit connection between the classical double copy in an exact form, to that in the perturbative scattering amplitudes context. At this point it should also be stressed, that from the scattering amplitudes context, it is already known that gluon amplitudes can double copy to arbitrary combinations of amplitudes for gravitons, and the additional unobserved dilaton and B fields, depending on the choice of the polarization states in the gauge theory amplitudes. This was indeed an ambiguous issue in Ref. 58 Finally, we note the topic of soft graviton theorems for scattering amplitudes, which were recently demonstrated to be equivalent to gravitational memory effects, as part of a triple equivalence of the IR structure of gauge and gravity theories among soft theorems, asymptotic symmetry, and memory effects 61 . The latter may have observable signatures on the GW signal.
